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The aim of this article is to construct new examples of homogeneous Einstein metrics using
a well-known fact from analysis—the stability of a nondegenerate critical point of a smooth
function on a manifold.
Recall that the metric ρ on the manifold M is called Einstein if the Ricci curvature of ρ
satisfies the equation
Ric(ρ) = C · ρ
for some constant C .
Let G1, . . . ,Gn , n > 2, be n copies of a compact real semisimple Lie group G; T ⊂ G a
fixed maximal torus in G; g and t the corresponding algebras of the groups G and T ; p the
orthogonal complement of t in g with respect to the negative of the Killing form B = B(· , ·);
and gi the Lie algebras of the groups Gi .
Consider the group
G˜ = G1 × G2 × · · · × Gn
and its Lie algebra
g˜ = g1 ⊕ g2 ⊕ · · · ⊕ gn,
which is equipped with the inner product
〈· , ·〉 = B|g1 + B|g2 + · · · + B|gn .
Consider also a maximal torus Ti in Gi , which is identified with T by using isomorphism
between Gi and G, and denote by ti the corresponding Lie subalgebras of the algebras gi . Then
T˜ = T1 × T2 × · · · × Tn
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is a maximal torus in the group G˜ and
t˜ = t1 ⊕ t2 ⊕ · · · ⊕ tn
is a maximal commutative subalgebra.
Fix a vector λ = (λ1, λ2, . . . , λn) ∈ Rn , ‖λ‖ = 1 with rational coordinates and a subgroup
Sλ ⊂ T˜ , whose algebra sλ consists of elements of the type {λ1x, λ2x, . . . , λnx}, where x ∈ t ,
λi x ∈ ti (we use the isomorphism between ti and t).
Denote by hλ the 〈· , ·〉-orthogonal complement to sλ in t˜ , and by Hλ the corresponding Lie
subgroup in G˜. We shall investigate Einstein homogeneous metrics on Riemannian homoge-
neous spaces
M˜λ = G˜/Hλ.
We say that the metric has volume 1 if it has volume 1 with respect to some distinguished
metric.
Theorem. Let G be a compact semisimple Lie group and T its maximal commutative subgroup,
g and t the corresponding Lie algebras, p the orthogonal complement of t in g with respect to the
Killing form, M the set of ad t-invariant metrics with volume 1 on p, M1 the set of ad t-invariant
metrics with volume 1 on g. If the functional S of the scalar curvature has nondegenerate critical
points on M and M1, then there is an infinite set of nonisometric and nonhomothetic Einstein
homogeneous metrics on Riemannian homogeneous spaces M˜λ = G˜/Hλ, which are defined as
above.
We use Lie algebras to prove this theorem. For convenience we consider all unit real vectors
λ = (λ1, λ2, . . . , λn). Further we need an ad hλ-invariant 〈· , ·〉-orthogonal decomposition g =
hλ ⊕ mλ, mλ = pλ ⊕ p1 ⊕ · · · ⊕ pn , where pλ is the 〈· , ·〉-orthogonal complement of hλ in
t˜ , pi is the B-orthogonal complement to ti in gi . Every pi can be decomposed into the sum of
irreducible modules pi =
⊕
j p
j
i . Note that modules p
j
i do not depend on λ. Using the Cartan
decomposition for the semisimple Lie algebra gi with Cartan subalgebra ti , we obtain that hλ
acts nontrivially on every module p ji (i > 1) and trivially on every module p jλ. Consequently,
we have
Proposition 1. The modules p jλ and p
j
i (i > 1) are nonisomorphic for every vector λ.
Proposition 2. In the unit sphere Sn−1 there is an open set U such that e = (1, 0, 0, . . . , 0) ∈
∂U (the boundary of U ), for every λ ∈ U the modules pki and plj are nonisomorphic for i 6= j ,
and for every neighbourhood V of the point e the set U∩V contains some vector λwith rational
coordinates.
Proof. Using Proposition 1, we assume that 1 6 i < j . Fix a nontrivial element
w = (0, . . . , 0, λij x, 0, . . . , 0,−λ ji x, 0, . . . , 0) ∈ hλ,
where x ∈ t . Using isomorphisms between gi (g j ) and g, we choose irreducible modules p′ and
p′′ in p such that p′ is isomorphic to pki , p′′ is isomorphic to plj under the action of maximal
commutative algebras t and ti (t j ).
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Let us consider two linear operators
A : p′ → p′, Ay = [x, y]1,
B : p′′ → p′′, By = [x, y]1,
where [· , ·]1 is the Lie multiplication in g. If ϕ : pki → plj is an isomorphism of modules
under the action of hλ, then we have the following equality for every y ∈ pki ([· , ·] is the Lie
multiplication in g˜):
ϕ([w, y]) = [w, ϕ(y)].
But
[w, y] = λ j (0, . . . , 0,
i
[x, y]1, 0, . . . , 0),
[w, ϕ(y)] = −λi (0, . . . , 0,
j
[x, y]1, 0, . . . , 0).
Then we can define a linear operator ϕ˜ : p′ → p′′, which acts by the formula
λ j ϕ˜([x, y]1) = −λi [x, ϕ˜(y)]1
for every y ∈ p′. Using the operators A and B we can rewrite this formula in the form
λ j ϕ˜(Ay) = −λi Bϕ˜(y).
It is easy to see that there is an α > 0 such that ‖Bz‖/‖z‖ > α for every z ∈ p′′ (the norm
‖ · ‖ is associated to B, the negative of the Killing form on g). Indeed, p′′ is irreducible under
the action of t ; next, using Cartan decomposition, we easily obtain that Ker B = 0. Obviously
there is the element y ∈ p′ with property ‖ϕ(y)‖ = ‖ϕ‖‖y‖.
Now consider the following chain of inequalities:
|λi |‖Bϕ(y)‖ = |λ j |‖ϕ(Ay)‖ 6 |λ j |‖ϕ‖‖Ay‖ = |λ j |‖ϕ(y)‖‖y‖ ‖Ay‖,
α 6 ‖Bϕ(y)‖‖ϕ(y)‖ 6
∣∣∣∣λ jλi
∣∣∣∣ ‖Ay‖‖y‖ 6
∣∣∣∣λ jλi
∣∣∣∣ ‖A‖.
If |λ j/λi | < ε 6 α/‖A‖, then the last inequality is false. Therefore, for every pki and plj
(1 6 i < j) we can choose ε > 0 such that for |λ j/λi | < ε the modules pki and plj are not
isomorphic under the action of hλ. Since there is only a finite set of pairs (pki , plj ), we can
choose ε simultaneously for all these pairs. Without loss of generality we assume that ε < 1.
Let
U = {(λ1, λ2, . . . , λn) ∈ Sn−1 ∣∣ |λi+1| < ε|λi |, 1 6 i 6 n − 1}.
Obviously, U is an open set in the sphere Sn−1 and e ∈ ∂U .
Let V be any neighbourhood of the point e, then U ∩V is open in Sn−1. Consider the straight
line l which is defined by the parametric equations
λ1 = a1t + 1, λ2 = a2t, . . . , λn = ant
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such that the vector a = (a1, a2, . . . , an) has rational coordinates and l intersects the set U .
Then the point A of this intersection is A = (a1t0+ 1, a2t0, . . . , ant0), where t0 = −2a1/‖a‖2.
Therefore A has rational coordinates and A ∈ U ∩ V .
In what follows, we assume that λ ∈ U . It is known [1, 7.24] that there is a one-to-one
correspondence between the set of Ad Hλ-invariant metrics on M˜λ and the set of ad hλ-invariant
inner products on mλ, whereas the latter set can be supplied by a smooth manifold structure.
Further we suppose that the set of invariant metrics is a smooth (C∞) manifold.
From the Schur lemma we easily obtain
Lemma 1. For λ ∈ U every ad hλ-invariant inner product (· , ·) on mλ has the form
(· , ·) = (· , ·)0 + (· , ·)1 + · · · + (· , ·)n,
where (· , ·)0 is some inner product on pλ, and (· , ·)i is some ad ti -invariant inner product on
pi (i > 1).
Note that for λ = e = (1, 0, 0, . . . , 0) we obtain a reducible homogeneous space M˜λ = M˜e.
This space is an important element of our construction.
For every λ ∈ U we define the map ϕλ : pe → pλ such that
ϕλ({x, 0, 0, . . . , 0}) = {λ1x, λ2x, . . . , λnx},
where λ = (λ1, λ2, . . . , λn).
Let Mλ be the set of inner products on pλ. Then using the maps ϕλ we define for every λ ∈ U
the map Tλ : Me → Mλ such that every inner product (· , ·)e of Me is associated to the inner
product (· , ·)λ of Mλ, whose orthogonal bases are images of orthogonal bases of (· , ·)e under
the action of the map ϕλ.
Denote by Mλ,1 the set of ad hλ-invariant metrics with volume 1 on pλ ⊕ p1, and by Mi the
set of ad ti -invariant metrics on gi with volume 1. Note that every inner product (· , ·)λ,1 ∈ Mλ,1
has the form (· , ·)λ,1 = (· , ·)λ + (· , ·)1, where (· , ·)λ is some metric on pλ and (· , ·)1 is some
ad t1-invariant metric on p1.
Finally, we define for every λ ∈ U the map Pλ : Me,1 → Mλ,1, which associates the metric
(· , ·)e,1 = (· , ·)e + (· , ·)1 to the metric (· , ·)λ,1 = Tλ((· , ·)e)+ (· , ·)1.
Using notation as above and Lemma 1 we obtain
Lemma 2. Every ad hλ-invariant metric on Mλ with volume 1 has the form
α1(· , ·)λ,1 + α2(· , ·)2 + · · · + αn(· , ·)n,
where αi > 0, (· , ·)λ,1 ∈ Mλ,1, (· , ·)i ∈ Mi (i > 2), αv11 αv22 . . . αvnn = 1, v1 = dim g1,
vi = dim gi − rank gi (i > 2).
Consider for every λ ∈ U the manifold Qλ, which consists of metrics as in the Lemma 2.
Obviously, Qλ is a regular submanifold of
(R+ × Mλ,1)× (R+ × M2)× · · · × (R+ × Mn).
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Using the maps Pλ, we define the family of diffeomorphisms ωλ : Qe → Qλ, which are
determined by the formulas
ωλ
(
α1(· , ·)λ,1 + α2(· , ·)2 + · · · + αn(· , ·)n
)
= α1Tλ((· , ·)λ,1)+ α2(· , ·)2 + · · · + αn(· , ·)n.
The main goal of the above definitions is determining the family of smooth functions Sλ.
For every λ ∈ U , Sλ : Qe → R, if q ∈ Qe, then Sλ(q) is equal to the scalar curvature of the
metric ωλ(q).
Note that according to [1, 4.22], every critical point of the function Sλ is an Einstein homo-
geneous metric. We have a smooth family of functions Sλ. From obvious topological arguments
we have the following
Proposition 3. If the function Se has a nondegenerate critical point, then for all λ which are
near e the function Sλ has also at least one critical point, which is Einstein metric on Mλ.
Indeed, the condition of the lemma implies that the index of the vector field∇Se is nonzero on
a sufficiently small sphere S(a, δ), where a is a nondegenerate critical point of Se. Therefore on
the same sphere where λ is near to e, the index of the vector field∇Sλ is nonzero, too. It follows
that the function Sλ has at least one critical point in the ball B(a, δ).
Next we find some sufficient conditions for the existence of a nondegenerate critical point of
the function Se. At first, we note that the set Mi (i > 2) of ad ti -invariant metrics with volume 1
on pi is identical to the set M of ad t-invariant metrics with volume 1 on p. Note also that Me,1
is identical to the set M1 of ad t-invariant metrics with volume 1 on g.
Later on we shall need the following
Proposition 4. Let M1 be the set of ad t-invariant metrics with volume 1 on the algebra g,
where t is a maximal commutative subalgebra. If the metric (· , ·) is a nondegenerate critical
point of the functional of the scalar curvature S, then (· , ·) is an Einstein homogeneous metric.
This proposition is a particular case of [3, Theorem 1].
Lemma 3. If the matrix D is determined by formulas di j = 1 for i 6= j and dii = 1 + αi ,
where αi > 0, 1 6 i, j 6 m, then the determinant |D| is nonzero.
Proof. Denote by Dm the a determinant of the matrix, which is obtained from D after sub-
tracting first row from the others. Simple computations show that
Dm =
m−1∏
i=1
αi + αm Dm−1,
where Dm−1 is determinant of dimension m−1 of the same type as Dm . Since D1 = 1+α1 > 0,
then, using induction, we obtain Di > 0 for all 1 6 i 6 m and, therefore, |D| 6= 0.
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Lemma 4. Let fi : Vi ⊂ Rni → R be such that every fi has nondegenerate critical points v0i ,
whereas fi (v0i ) > 0. Then the function
F : (R+ × V1)× (R+ × V2)× · · · × (R+ × Vn)→ R,
F(a1, v1, a2, v2, . . . , an, vn) =
n∑
i=1
ai fi (vi )
with the condition
∏n
i=1 a
si
i = 1 (si > 0) has a nondegenerate critical point.
Proof. After substituting an =
∏n−1
i=1 a
−si/sn
i we get an equivalent unconditional problem: to
prove that the function
F˜ : (R+ × V1)× (R+ × V2)× · · · × (R+ × Vn−1)× Vn → R,
F˜(a1, v1, a2, v2, . . . , an−1, vn−1, vn) =
n−1∑
i=1
ai fi (vi )+
n−1∏
i=1
a
−si/sn
i fn(vn)
has a nondegenerate critical point. Direct calculations show that F˜ has the critical point
(a01, v
0
1, . . . , a
0
n−1, v
0
n−1, v
0
n), where v0i is the critical point of fi and a0i can be found from
the system of equations
a0i fi (v0i ) =
si
sn
α fn(v0n), 1 6 i 6 n − 1,
where α means
∏n−1
i=1 (ai )
−si/sn
. Raising every equation to the power −si/sn and multiplying
them, we get the equality
n−1∏
i=1
a
−si/sn
i = α =
n−1∏
i=1
α−si/sn ·
n−1∏
i=1
(
si
sn
fn(v0n)
fi (v0i )
)−si/sn
.
From the last equation we obtain α, and finally find a0i . Obviously a0i > 0.
Now we show that the critical point (a01, v01, . . . , a0n−1, v0n−1, v0n) is nondegenerate. If Hi is
a Hessian of fi at the point v0i (in accordance with the conditions of lemma Hi 6= 0), then the
Hessian H of F˜ at the point (a01, v01, . . . , a0n−1, v0n−1, v0n) can be calculated by the formula
H =
n−1∏
i=1
(
(a0i )
dim Vi−2 Hi s2i
) · αdim Vn+n−1 Hns−2n+2n ( fn(v0n))n−1|D|,
where α =∏n−1i=1 (ai )−si/sn , and |D| is determinant of the matrix D which has elements di j = 1
for i 6= j and dii = 1+ sn/si (1 6 i 6 n − 1). Using previous lemma we obtain that H 6= 0.
Now we are ready to prove the theorem.
Proof of the theorem. Using the notation as above, we prove the existence of a nondegenerate
critical point of the function Se : Qe → R. Using the reductiveness of the space Me we can see
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that
Se
(
α1(· , ·)e,1 + α2(· , ·)2 + · · · + αn(· , ·)n
)
= 1
α1
S((· , ·)e,1)+ 1
α2
S((· , ·)2)+ · · · + 1
αn
S((· , ·)n),
where S((· , ·)) means the scalar curvature of the metric (· , ·).
From the conditions of the theorem we obtain that the function of the scalar curvature S has
a nondegenerate critical point on Me,1 and on each Mi (i > 2). Note that these critical points
define Einstein metrics. Further we can represent the function Se in local coordinates as
Se =
n∑
i=1
ai S(ui ),
where
a
dim g1
1
n∏
i=2
a
dim gi−rankgi
i = 1,
ai = 1/αi , ui ∈ Ui ⊂ Rni , Ui is the range of the local map of the manifold Mi .
Due to the fact that Einstein metrics on nonflat compact Riemannian homogeneous spaces
have positive scalar curvature [1, 7.4], we obtain using Lemma 4 that the function Se has
a nondegenerate critical point on Qe. Next, using Proposition 3 we get that for λ which is
near e = (1, 0, 0, . . . , 0) the functions Sλ also have critical points, and therefore, there are
homogeneous Einstein metrics on Riemannian homogeneous spaces G˜/Hλ.
For geometrical reasons we must choose vectors λ = (λ1, λ2, . . . , λn) with rational coordi-
nates. But it is obvious that there are infinitely many such λ.
Finally we need to show that there are infinitely many nonisometric and nonhomothetic
Einstein metrics.
Consider a neighbourhood V of the point e such that for every λ ∈ V ∩U the function Sλ has
a critical point ρλ (ρλ→ (· , ·) when λ→ e). From the fact that (· , ·) is a nondegenerate point
of Se we obtain that ρλ is the family of metrics which continuously depends on λ (it follows
from the implicit function theorem).
Without loss of generality we can assume that the metric ρλ has volume 1 with respect to
the standard metric ρst on G˜/Hλ (it means that ρst is generated by inner product on mλ which
is the restriction of 〈· , ·〉 to mλ).
Let λ∗ ∈ V ∩U have some irrational coordinate λ∗j , and let {λm} be the sequence of vectors
λm ∈ V ∩U with rational coordinates such that λm → λ∗ when m →∞.
Obviously Sλm (ρλm )→ Sλ∗(ρλ∗)when λm → λ∗. To prove the last statement of our theorem,
it is sufficient to show the following property of volumes: Vol(G˜/Hλm , ρλm )→ 0 when λm →
λ∗, or, equivalently, Vol(G˜/Hλm , ρst)→ 0, where ρst is the standard metric. For this note that
Vol(Hλm , ρst)→∞ when m →∞ (really, it is easy to see that the torus Hλm has “very long”
generators in the torus T˜ when m →∞). Further, since G˜ is the same for all G˜/Hλ, we obtain
that Vol(G˜/Hλm , ρλm ) = Vol(G˜/Hλm , ρst)→ 0 when m → ∞. Therefore there are infinitely
many pairwise nonisometric and nonhomothetic homogeneous Einstein manifolds of the type
(G˜/Hλm , ρλm ). The theorem is proved.
Finally we consider three examples.
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Example 1. Consider G = SU (2) and T = S1 with some embedding i : S1 → SU (2). Let
x1, x2, x3 be an orthonormal basis in the algebra su(2)with respect to the biinvariant metric 12 B
(B is the negative of the Killing form) such that [x1, x2] = x3, [x1, x3] = −x2, [x2, x3] = x1
and t = R · x1. Now we describe the manifolds M and M1. Obviously, p = R · x2 ⊕ R · x3 is
an irreducible module under the action of t . It is easy to see that M has only one point, and the
manifold M1 can be parameterized by two variables a, b with the relation ab2 = 1. Really, if
(· , ·) ∈ M1 then it has the form
(· , ·) = a · 12 B|t + b · 12 B|p,
where 12 B is the chosen biinvariant metric, the relation ab
2 = 1 means the preserving of volume.
The scalar curvature of this metric is calculated by the formulas [1, 7.39]:
S((· , ·)) = 1
2
(
2
a
+ 4
b
)
− 1
4
(
4
a
+ 2a
b2
)
= 2
b
− a
2b2
.
Using the condition ab2 = 1, we substitute a = b−2 in the last formula and obtain
S((· , ·)) = 2
b
− 1
2b4
.
It is easy to see that the point b = 1 is a unique nondegenerate critical point. Then, accord-
ing to our theorem, there are infinitely many nonisometric Einstein homogeneous metrics on
Riemannian homogeneous spaces
M˜λ =
(
SU (2)× SU (2)× · · · × SU (2))/Hλ.
Dimensions of these spaces are equal to 2n + 1, where n is the number of summands.
Note that these examples of homogeneous Einstein metrics were first found by E.D. Rodionov
in [2, 3], moreover, in these works all embeddings were investigated in another way.
Example 2. Consider G = SU (2) × SU (2) and T = S1 × S1 which is described by some
embedding i : S1 → SU (2) (the same embedding is used for the second copy of SU (2)). Let
x1, x2, x3, x4, x5, x6 be an orthonormal basis in the algebra su(2) ⊕ su(2) with respect to the
biinvariant metric 12 B such that [x1, x2] = x3, [x1, x3] = −x2, [x2, x3] = x1, [x4, x5] = x6,
[x4, x6] = −x5, [x5, x6] = x4, [xi , x j ] = 0 for 1 6 i 6 3, 4 6 j 6 6, and t = R · x1 + R · x4.
Now we describe the manifolds M and M1. Obviously, the modules p1 = R · x2 ⊕ R · x3 and
p2 = R · x5 ⊕ R · x6 are irreducible under the action of t .
We shall construct all metrics from M1. If (· , ·) ∈ M1 then it is arbitrary on t and homothetic
to B on pi . To parameterize all metrics from M1 we need 5 variables: x > 0, y > 0, a > 0,
b > 0, c, with the relation abxy = 1. Let E2 = √x X2, E3 = √x X3, E5 = √y X5, E6 = √y X6,
E1 = aX1, E4 = cX1+ bX4; we consider the vectors {Ei } as an orthogonal basis of the metric
(· , ·) (it is easy to show that there is a one-to-one correspondence between the elements of M1
and the set of such bases).
Using multiplication table and [1, 7.39], we obtain
S((· , ·)) = 2x + 2y − 1
2
(
x2
a2
+ y
2
b2
+ c
2 y2
a2b2
)
.
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By substituting x = a−1b−1 y−1 we get the following expression for S:
S((· , ·)) = 2a−1b−1 y−1 + 2y − 12
(
a−4b−2 y−2 + y2b−2 + c2 y2a−2b−2).
It is easy to see that the point (a, b, c, y) = (1, 1, 0, 1) is a nondegenerate critical point of S.
To parameterize the set M we need two variables: x > 0, y > 0 with the relation xy = 1. Let
E1 = √x X2, E2 = √x X3, E3 = √y X5, E4 = √y X6. The vectors {Ei } form an orthogonal
basis of the ad t-invariant metric (· , ·) on p1 ⊕ p2 (it is easy to show that there is a one-to-one
correspondence between the elements of M and the set of such bases). Obviously,
S((· , ·)) = 2
x
+ 2
y
= 2x + 2
x
,
and the point x = 1 is a nondegenerate critical point of S on M .
Then by our theorem, there are infinitely many nonisometric Einstein homogeneous metrics
on the Riemannian homogeneous spaces
M˜λ =
(
(SU (2)× SU (2))× · · · × (SU (2)× SU (2)))/Hλ.
Dimensions of theese spaces are equal to 4n+2, where n is the number of summands SU (2)×
SU (2).
Example 3. Finally we consider G = SU (3) and T = S1 × S1 with some embedding. Fix
a biinvariant metric on su(3), (X, Y ) = −Tr XY (we use standard matrix representation).
Choose the following orthonormal basis {Xi }:
X1 =

0 1 0
−1 0 0
0 0 0
 , X2 =

0 0 0
0 0 1
0 −1 0
 , X3 =

0 0 1
0 0 0
−1 0 0
 ,
X4 =

0 i 0
i 0 0
0 0 0
 , X5 =

0 0 0
0 0 i
0 i 0
 , X6 =

0 0 i
0 0 0
i 0 0
 ,
X7 =

i 0 0
0 0 0
0 0 −i
 , X8 =

i/
√
3 0 0
0 −2i/√3 0
0 0 i/
√
3
 .
Let t = R · X7 + R · X8. The modules p1 = R · X1 ⊕ R · X4, p2 = R · X2 ⊕ R · X5, and
p3 = R · X3 ⊕ R · X6 are irreducible under the action of t .
Construct all metrics from M1. If (· , ·) ∈ M1 then it is arbitrary on t and homothetic to (· , ·)
on pi . To parameterize all metrics from M1 we need 6 variables: x > 0, y > 0, z > 0, a > 0, b,
c > 0 with the relation acxyz = 1. Let E1 = √x X1, E4 = √x X4, E2 = √y X2, E5 = √y X5,
E3 = √zX3, E6 = √zX6, E7 = aX7, E8 = bX7 + cX8. We consider the vectors {Ei } as an
orthogonal basis of the metric (· , ·) (one can show that there is a one-to-one correspondence
between the elements of M1 and the set of such bases).
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Using multiplication table of su(3) and [1, 7.39], we obtain
S((· , ·)) = 12(x + y + z)− 2
(
xy
z
+ xz
y
+ yz
x
)
−1
2
x2
(1−√3b
a
)2
+ 3
c2
+ y2
(1+√3b
a
)2
+ 3
c2
+ z2 4
a2
 .
By substituting c = a−1x−1 y−1z−1 we get the following expression for S:
S((· , ·)) = 12(x + y + z)− 2
(
xy
z
+ xz
y
+ yz
x
)
−1
2
x2 (1−√3b
a
)2
+ y2
(
1+
√
3b
a
)2
+ 3(x2 + y2)a2x2 y2z2 + z2 4
a2
 .
Straightforward but lengthy computations show that the point (x, y, z, a, b) = (1, 1, 1, 1, 0) is
a nondegenerate critical point of S.
Analogously we can parametrize the set M . Every ad t-invariant metric on p1 ⊕ p2 ⊕ p3 is
homothetic to the biinvariant one on every pi .
Let {Ei } be an orthonormal basis of (· , ·) ∈ M , E1 = √x X1, E4 = √x X4, E2 = √y X2,
E5 = √y X5, E3 = √zX3, E6 = √zX6, xyz = 1.
Using multiplication table of su(3), the substitution z = x−1 y−1 and [1, 7.39], we obtain
S((· , ·)) = 12
(
x + y + 1
xy
)
− 2
(
x2 y2 + 1
x2
+ 1
y2
)
.
Direct computations show that the points (1, 1), (21/3, 21/3), (4−1/3, 21/3), (21/3, 4−1/3) are
nondegenerate critical points of S. Note that last three points provide isometrical metrics.
Now, by our theorem, we obtain infinitely many nonisometric Einstein homogeneous metrics
on Riemannian homogeneous spaces M˜λ =
(
SU (3)× SU (3)×· · ·× SU (3))/Hλ. Dimensions
of these spaces are equal to 6n + 2, where n is the number of summands SU (3).
It is easy to see that the present method of finding homogeneous Einstein metrics admits
further modifications which immediately imply the existence of new series of Einstein metrics.
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